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ABSTRACT  
 

Increased grain size in U-Mo dispersion fuel is believed to affect the fuel 
swelling at high fission density. In this work, a multiscale simulation approach 
combining first-principles calculation and phase-field modeling is used to 
investigate the grain growth behavior in U-Mo alloys. The material properties 
of U-Mo alloys predicted by first-principles calculations are incorporated into 
the mesoscale phase-field models to study the effect of annealing temperature, 
annealing time and the initial grain structures of fuel particles on the grain 
growth. The grain growth rate is evaluated and compared with experiment. 
Meanwhile, the gas bubble evolution kinetics in irradiated U-Mo alloy fuels is 
investigated to understand its effect on fuel swelling. We systematically 
examine the effect of Xe, vacancy, and SIA concentration, fission defect 
generation, and elastic interaction on the growth kinetics of gas bubble. The 
bubble size distribution and swelling of U-Mo are simulated and compared to 
experimental measurements. 
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1.  Introduction details 
 

U-Mo alloy is one of the most promising fuels for the future high performance research and test 
reactors due to its high uranium loading and stable irradiation behavior. At low burnups, the 
fission gas bubbles induced swelling of U-Mo fuel shows a linear dependence of fission density. 
Due to the high burnups pursued for U-Mo fuel, abnormal fuel swelling was observed at high 
burnups, which is believed to be closely related to a phenomenon called recrystallization. It was 
found that recrystallization starts at existing grain boundaries. Therefore, increasing the grain 
size and reducing the grain boundary area by heat treatment may effectively reduce swelling and 
increase the fuel performance. However, there are very few studies of grain growth of U-Mo 
alloy by heat treatment such as annealing. The purpose of this work is to investigate the grain 
growth of U-7Mo alloy using a combined first-principles and phase field method. Furthermore, 
the fission gas bubble evolution and resultant swelling in U-7Mo were studied by phase field 
models using realistic material properties predicted by first-principles calculations.  
 
2.  Computational methodology 
 

2.1 First-principles calculations 
To perform density functional theory (DFT) based first-principles calculations, we use the 
projector augmented wave method (PAW) [1] as implemented in the Vienna ab initio simulation 
package (VASP) [2, 3]. The exchange-correlation functional was described by the generalized 
gradient approximation (GGA) parameterized by Perdew Burke and Ernzerhof [4]. The 
6s26p65f27s2 and 4s24p64d5s1 electrons were treated as valence electrons for U and Mo, 
respectively. The atomic structures of U-Mo alloys were modeled by the SQS method using the 
Alloy Theoretic Automated Toolkit (ATAT) code [5, 6]. The standard method was used to 
construct the coincidence site lattice grain boundaries. The atomic structures for the STGBs were 
generated by GBstudio [7]. More details about the setup of DFT calculations can be found 
elsewhere [8]. 
 
2.2 Phase field models 

2.2.1. Grain growth 

Phase field variables 𝜂𝑖(𝑟) are chosen to distinguish the different orientations of grains. The total 
free energy of the interested system can be represented in a Ginsburg-Landau form as [9, 10] 

𝐹 = ∫ �𝑓0�𝜂1, 𝜂2, … , 𝜂𝑞� + 1
2
𝜅 ∑ ∇2𝜂𝑖(𝑟)𝑖 � 𝑑3𝑟,    (1) 

where f0 is the local free energy density of the system, the second term is the gradient energy 
term and κ is its gradient coefficient [11].  
The spatial and temporal evolutions of grain parameters follow the Allen-Cahn equation [12], 

𝜕𝜂𝑖
𝜕𝜕

= −𝐿 𝛿𝛿
𝛿𝜂𝑖

, 𝑖 = 1,2, … , 𝑞.       (2) 

where L is the kinetic coefficient of grain boundary movement.  

The temperature effect can be considered in the kinetic coefficient L according to the Arrhenius 
formula as [13] 

𝐿 = 𝐿0𝑒
− 𝑄
𝑘𝐵𝑇,       (3) 
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where L0 is a constant, kB the Boltzmann’s constant, T temperature, and Q the activation energy 
of grain boundary.  

In order to quantitatively simulate the U-Mo materials based on the above model, the grain 
boundary energy, grain boundary mobility, and activation energy have to be determined by 
atomic calculations or experiments. In this work, the grain boundary energy will be calculated by 
using DFT. Based on this value, the expansion coefficients of chemical free energy and the 
gradient coefficient can be determined [14]. Due to the difficulty of calculating the grain 
boundary mobility, it will be calibrated by the experimental measurement of grain size at 
different time. The activation energy of the GB diffusion measured for Mo [15], i.e., 2.73 eV, is 
adopted in this work. We believe this value should be close to that for U-7Mo alloy, since Mo is 
the element with much slower diffusivity in U-Mo alloys [16].  

The phase field model was implemented in a simulation code and the semi-implicit FFTW 
numerical method was employed to solve the Allen-Cahn equations [17]. Periodic boundary 
conditions were imposed on the simulation domain. The time step for the evolution is t = 0.8, 
and the spacing ∆x = ∆y = 1.0 µm. A model size of 200 µm×200 µm and the U-Mo plate size of 
180 μm are used in the simulations.  
 
2.2.2 Gas bubble evolution 

To consider the Xe gas bubble evolution kinetics in the U-7Mo matrix under the irradiation 
condition, three parameters including the compositions 𝑐𝑋(𝑟, 𝑡)   of Xe atom, 𝑐𝑉(𝑟, 𝑡)   of 
vacancy, 𝑐𝐼(𝑟, 𝑡)  of self-interstitial atom, which represent atoms or mole fractions at position r 
and time t, are chosen as composition fields. The phase parameter 𝜂(𝑟, 𝑡) is chosen to represent 
the gas bubble phase with 𝜂 = 1 and the matrix with 𝜂 = 0. The total energy of the system can 
be constructed as [18-20]  

𝐹�𝑐𝑋 , 𝑐𝑉, 𝑐𝐼 ,𝜂, 𝜀𝑖𝑖� = ∫ �𝑓𝑐ℎ𝑒𝑒(𝑐𝑋, 𝑐𝑉, 𝑐𝐼 ,𝜂,𝑇) + 𝜅𝑋
2

|𝛻𝑐𝑋|2 + 𝜅𝑉
2

|𝛻𝑐𝑉|2 + 𝜅𝐼
2

|𝛻𝑐𝐼|2 + 𝜅𝜂
2

|𝛻𝜂|2 +

𝑓𝑒𝑒𝑒𝑒�𝑐𝑋 ,𝜂, 𝜀𝑖𝑖�� 𝑑𝑑    ,     (4) 

where 𝑓𝑐ℎ𝑒𝑒 is the chemical free energy density describing the composition and volume fraction 
of the equilibrium phases, 𝜅𝑋, 𝜅𝑉, 𝜅𝐼 and 𝜅𝜂 are the gradient energy coefficients for Xe, vacancy, 
and self-interstitial atom (SIA) concentrations as well as the phase parameter, respectively, 
𝑓𝑒𝑒𝑒𝑒�𝑐𝑋 , 𝑐𝑉, 𝑐𝐼 , 𝜀𝑖𝑖� is the elastic energy density. Detail expressions of the chemical free energy 
and elastic energy can be found in somewhere else [21].  
The spatial and temporal evolutions of phase parameter and the Xe, vacancy and SIA 
compositions are controlled by the following equations as [18] 
                                          𝜕𝜂

𝜕𝜕
= −𝐿 𝛿𝛿

𝛿𝜂
+ �̇�𝜂                                                                 (5a) 

                               𝜕𝑐𝑋
𝜕𝜕

= ∇ �𝑀𝑋∇
𝛿𝛿
𝛿𝑐𝑋

� + �̇�𝑋 + �̇�𝑋                                                      (5b) 

                                 𝜕𝑐𝑉
𝜕𝜕

= ∇ �𝑀𝑉∇
𝛿𝛿
𝛿𝑐𝑉

� + �̇�𝑉 + �̇�𝑉 − �̇�𝑉𝐼 − �̇�𝑉                                 (5c) 

                                  𝜕𝑐𝐼
𝜕𝜕

= ∇ �𝑀𝐼∇
𝛿𝛿
𝛿𝑐𝐼
� + �̇�𝐼 + �̇�𝐼 − �̇�𝑉𝐼 − �̇�𝐼                                    (5d) 

where �̇�𝑖   (i = η, X, V, I) is the thermal induced fluctuation, �̇�𝑖  (i = X, V, I) is the species 
production rate, �̇�𝑉𝐼  is the recombination rate, �̇�𝑖   (i = V, I) is the source/sink term. The 
production rate of species �̇�𝑖 = 𝛾𝑖𝑅𝑅𝑅, where 𝛾𝑖 is related to the dpa rate, and Ran is the random 
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number uniformly between 0 and 1. �̇�𝑉𝐼 = 𝜈𝑟𝑐𝑉𝑐𝐼, where 𝜈𝑟 the recombination rate of vacancy 
and SIA. To account the faster recombination rate at the void surface, we define it as 𝜈𝑟 = 𝜈𝑏 +
𝜂2𝜈𝑒. The nucleation/annihilation of vacancy and SIA at the dislocations or grain boundaries are 
neglected in this paper for simplicity, thus �̇�𝑉 and �̇�𝐼 are set as zero.  
In the simulations, a model size of 89.6 nm × 89.6 nm was used. The time step used for the 
numerical integration is 𝑡 = 0.05 , and the grid spacing is Δ𝑙 = 0.35  nm. The model was 
implemented in a 2D simulation code. Periodic boundary conditions were imposed on the 
simulation domain. Simi-implicit FFTW method were employed to solve the coupled equations 
(5a-d) [17].  
 
3.  Results and discussion 
3.1 Material properties of U-Mo alloy by first-principles calculations 

To study the mechanical stability of U-Mo alloys, we investigated the elastic properties of the γ 
U-Mo alloy phases. Single-crystal elastic constants of a solid phase can be calculated by the 
stress-strain method [22]. From the predicted elastic constants, the polycrystalline properties 
including bulk modulus (B), shear modulus (G), Young’s modulus (E) and Poisson’s ration (ν) 
can be determined according to the Voight-Reuss-Hill approach [23], as listed in Table I. For the 
bcc γ U-Mo alloy phases, the SQS approach will result in elastic tensors with 21 nonvanishing 
elements. Theoretically, there should be only three independent elastic constants, i.e., C11, C12 
and C44, for cubic systems. According to Tasnadi et al [24], the closest cubic elastic constants 
could be obtained via simple averaging, 

𝐶1̅1 = 𝐶11+𝐶22+𝐶33
3

,𝐶1̅2 = 𝐶12+𝐶13+𝐶23
3

,𝑅𝑅𝑑 𝐶4̅4 = 𝐶44+𝐶55+𝐶66
3

.  (6) 

Upon alloying Mo in γ-U, the shear constant C’ of γ U-7Mo alloy becomes positive, indicating 
that the isotropic γ phase of U can be mechanically stabilized by alloying Mo. 

 

Table I. Calculated elastic properties of γ-U and γ U-7Mo, including elastic constants Cij (GPa), shear 
constant (GPa), bulk modulus (GPa), shear modulus (GPa), Young’s modulus (GPa) and Poisson ratio. 

 C11 C12 C44 C’ B G E ν Reference 

Bcc Mo 466 157 103 155 260 122 316 0.298 This work 
464 158 109 153 260 125 323 0.293 Expt. [25] 

γ-U 94 154 34 -30 134 114 225 0.169 This work 
U-7Mo 173 138 50 23 143 36 100 0.383 This work 

 
Grain boundary properties, such as grain boundary energy, are important parameters for 
modeling of grain growth using phase field method. In this work, we only study two 
representative STGBs in the bcc γ U-7Mo alloy, i.e., Σ3(111)[110] and Σ5(310)[001] GBs. We 
define the grain boundary energy (γGB) as 

𝛾𝐺𝐺 = 𝐸𝐺𝐵−𝐸𝑆𝑆
2𝐴

,        (7) 

where EGB and ESC are the total energies of the GB supercell and its corresponding single crystal, 
respectively. 
To construct the GBs for the U-Mo alloy phase, the SQS models were applied to the GBs 
created for bcc metals. Figure 5 shows the created Σ3(111)[110] and Σ5(310)[001] GBs for γ U-
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7Mo. The predicted grain boundary energies in the γ U-7Mo alloy are predicted to be 0.37 J/m2 
and 0.63 J/m2, for Σ3(111)[110] and Σ5(310)[001] GBs, respectively. The grain boundary 
energies in the U-Mo alloy lie between those of pure γ U and bcc Mo, which is consistent with 
the predicted elastic properties of these systems. 
 

        
Figure 1. Atomic structures of (a) Σ3(111)[110] and (b) Σ5(310)[001] STGBs for γ U-7Mo alloy. Blue 
and purple atoms represent the U and Mo atoms, respectively. 
 
3.2 Grain growth by phase field model 

To understand statistically averaged kinetics and topological features of heat treated U-Mo alloy, 
the temporal evolutions of grain structures at different temperatures and with different initial 
sized grains are studied using an ideal two-dimensional grain growth model by the phase field 
method. Figure 2 shows the temporal evolution of the grain structure with the initial grain size of 
~3 µm annealed at 1000 oC. Due to the high treating temperature, the grain boundaries move and 
the grains continue to grow.  
 

 
              (a) 0 h;                             (b) 0.083 h;                      (c) 0.83 h;                       (d) 3.33 h. 

Figure 2. Temporal evolution of the grain structures in U-Mo particle at 1000 oC: (a) 0 h; (b) 0.083 h; (c) 
0.83 h; and (d) 3.33 h.  

 
The time dependence of the averaged grain size in the fuel particle heated at 1000 oC and 900 oC 
are shown in Fig. 3, together with the results from experimentally predicted correlation. A good 
agreement between our simulations and experimental estimation is obtained for lower 
temperature case. For higher temperature, the agreement is retained only up to 2 hours of heat 
treatment. Beyond 2 hours a notable derivation can be observed between these two. This can be 
explained by the fact that the small number of grains in the fuel particle at the late stage of 
annealing lead to the large uncertainty of the estimated grain size. Therefore, the initial grain 
structure has a significant impact on the final grain size. Compared to the U-7Mo grain structures 
treated at 900 oC, the averaged grain size is notably larger when heated at 1000 oC. For example, 
the average grain size increases from 18 µm to 43 µm after 2 hours when the treating 
temperature increased from 900 oC to 1000 oC. Therefore, the annealing time required for the 

(a) (b) 
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desired grain size can be significantly reduced at higher temperatures. 
 

 
Figure 3. The time dependences of the averaged grain size in U-Mo particles annealed at 900 oC and 1000 

oC, respectively, together with the estimated grain size from experiments.  

 
Meanwhile, we also studied the effect of different initial grain structures on the grain growth 
kinetics [11]. The system with initial 50% 3µm and 50% 15µm (case I) sized grains and 75% 
3µm and 25% 15µm (case II) sized grains are taken as two examples. The results show that the 
grains in Case I evolve notably faster than the one with 100% 3µm sized grains. The reason can 
be attributed to that a certain amount of large sized grains in the system can help the small sized 
grain grow faster in the early stage, which makes the averaged grain size increase faster than the 
pure 3µm case. However, when the system has 75% 3µm and 25% 15µm initial sized grains it 
evolves even faster than the case with 50% 3µm and 50% 15µm initial sized grains. This result 
indicates that only a certain small amount of larger size of initial grains can increase the grain 
growth rate. Therefore, the different initial grain size distribution also plays an important role in 
the grain growth rate. By using a small amount of larger grain size, the growth rate can be 
enhanced. Although the mixed initial different size of grains in U-7Mo materials seems 
unrealistic, the local heat treatment of the particle to locally increase the grain size may be one of 
the ways to prepare such a sample.  
 
3.3 Fission gas bubble evolution by phase field model 

At constant temperature, the formation of gas bubble is driven by the supersaturation of point 
defects under irradiation. The production and annihilation of defects, especially vacancies, can 
promote the nucleation and growth of gas bubbles.. Small high-pressurized bubbles are able to 
grow in size by absorbing both thermal and radiation-induced vacancies. To simulate the gas 
bubble nucleation and growth in U-Mo, the following parameters are used: production rate of Xe 
is 𝛾𝑋 = 2.0 × 10−6 dpa/s, and SIA is  𝛾𝐼 = 5.0 × 10−6 dpa/s, and vacancy is  𝛾𝑉 = 15.0 × 10−6 
dpa/s. These defect production rates were kept as constants unless the new values are mentioned. 
Although SIA and vacancy are equally generated during irradiation as Frenkel pairs, SIA often 
have higher sink rate than vacancy in metals.[26] Therefore biased generation rate for SIA and 
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vacancy are used in the simulations.  
The calculated phase parameter, gas atom, vacancy, and SIA concentrations are plotted as a 
function of evolution time in Fig. 4, which clearly shows the nucleation and growth processes of 
gas bubbles under radiation. The Xe bubbles  continuously grow under the irradiation. The size 
of Xe gas bubbles is around 1-3 nm and with the space between them around 10 nm. The gas 
bubbles appear to be randomly distributed in irradiated U-7Mo. The bubble migration is not 
considered in this work due to the low mobility of Xe gas bubbles. Therefore, the coalescence 
only happens when adjacent bubbles grow to contact with each other. Bubble growth is driven 
by the absorption of vacancies to a void, which must be more probable than the absorption of 
interstitials to the void. Thus, if a void grows by the absorption of vacancies, more free volume 
is available for fission gas accumulation inside the void. SIA has lower concentration inside the 
gas bubble compared with the one in the matrix. The gas bubble pressure largely depends on the 
ratio of Xe atoms and vacancies inside the bubble.  

(a) 

 
(b) 

 
(c) 

 
(d)
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t = 0 h                   t = 0.056 h                 t = 0.063 h                t = 0.068 h 
 

Figure 4. The temporal evolutions of, (a) phase parameter; (b) vacancy; (c) Xe; (d) SIA in the irradiated 
U-7Mo single crystal. 

 
The predicted size distribution of gas bubbles is given by Fig. 5. The average size of the gas 
bubble is about 3.2 nm, which is the classic size of gas bubble in the grains and consistent with 
the experimental observations [27, 28]. The calculated bubble density is 1.03 × 1016 m-2. 
 

 
Figure 5. Gas bubble size distribution simulated by the phase field method. 

 
With bubbles residing in the fuel, the fuel swelling can be estimated by a simple relation, 

∆𝑑
𝑑

=
𝑑𝐴𝐼 − 𝑑
𝑑

        (8) 

where V is the fabricated volume of fuel, and 𝑑𝐴𝐼 is the fuel volume together with the gas bubble 
volume. The effect of vacancy production rate on the swelling and the gas bubble size 
distribution are computed and shown in Fig. 6. With higher irradiation rate, the beginning time 
of swelling is obviously earlier and swelling of fuel is also larger, which agrees with the 
experimental observations.[27] The measured bubble size distribution shows that the higher 
irradiation rate the larger average bubble size is. And also the distribution of bubble size is 
broader as with higher irradiation rate. This is consistent with the recent experimental results 
performed in a pure Mo fuel [27]. The averaged bubble size increases from 3.2 nm to 4.0 nm 
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when the vacancy production rate of vacancy increases from 15.0 × 10−6 dpa/s to 17.0 ×
10−6dpa/s. These results show that fuel swelling is very sensitive to the fission rate.  
 

      
(a)                                                                             (b) 

Figure 6. The effect of vacancy production rate on the fuel swelling (a), and the bubble size distribution 
(b). 

 
The different sink strength for vacancy and SIA can result in biased production rates of vacancy 
and SIA in U-Mo. We also study three different production rates of SIA to illustrate its effect on 
the fuel swelling and the bubble size distribution.[21] Our calculated results show that increased 
SIA production rate can lead to reduced fuel swelling. This can be explained by the fact that 
higher SIA concentration can result in faster recombination of vacancy and SIA during the 
irradiation, thus reduced vacancy concentration. This suggests that artificially reducing the sink 
strength of SIA can help to decrease the size of gas bubbles and therefore fuel swelling.  
 
4.  Conclusions 
The U-Mo fuel system was studied by using a multiscale simulation approach. DFT calculations 
were used to study the stability of bcc U-Mo alloys based on the enthalpy of formation and 
elastic properties. Two grain boundaries, i.e., Σ3(111)[110] and Σ5(310)[001], were investigated 
for γ U-7Mo and compared with those of pure bcc Mo and U metals. Using the predicted grain 
boundary properties as input parameters, we studied the effects of annealing temperature, 
annealing time and initial grain structure on the grain growth in U-7Mo alloy particles by the 
phase field approach. Increasing temperature of heat treatment is found to the most efficient way 
to reduce the annealing time for desired grain size.  
The gas bubble evolution was investigated in irradiated U-7Mo. The calculated bubble size 
distribution and fuel swelling are consistent with the experimental observations. The increased 
production rate of vacancies leads to increased bubble size and fuel swelling, and the opposite is 
true for SIA. These results provide a foundation for the future study of intergranular gas bubble 
kinetics in U-Mo. We expect the currently predicted kinetic model for the grain growth in the U-
7Mo will be helpful in determining the optimal experimental conditions. 
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